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We demonstrate state-of-the-art technique of an active clock to provide a continuous superradiant
lasing signal using an ensemble of trapped Cs atoms in the optical lattice. A magic wavelength of
the proposed |7S1/2;F = 4,MF = 0〉 → |6P3/2;F = 3,MF = 0〉 clock transition in Cs atom is
identified at 1181 nm for constructing the optical lattice. Pertinent optical lines are also found for
pumping and repumping atoms from their ground states. A fractional uncertainty about 10−15 level
to the clock frequency has been predicted by carrying out rigorous calculations of several atomic
properties. The bad-cavity operational mode of the active clock is anticipated to improve its short-
term stability remarkably by suppressing intrinsic thermal fluctuations. Thus, a composite clock
system with better in both short-term and long-term stabilities can be built by combining the above
proposed active clock with another high-accuracy passive optical clock.
It is well known that owing to its natural immunity
against the cavitys thermal noise floor, hydrogen masers
offer better instability among the microwave atomic
clocks within the first 30 seconds of frequency measure-
ment, referred to as its short-term stability. On the
other hand, the short-term stabilities of the existing high-
precision optical passive clocks have strict requirement
for are constrained by the thermal noise of the local
oscillators’ super-cavities instabilities of the local oscil-
lators and the thermal noise floor of reference cavities.
With the development of cryogenic optical cavities ther-
mal noise has been continuously reduced [1–3], and the
short-term instability of local oscillators as low as 4E-
17@1s has been achieved. This has brought significant
improvement in the short-term stability of passive opti-
cal clocks [4–9]. In the meantime, a new direction has
emanated to improve short-term stability for an optical
clock. By manifesting the working principle of hydro-
gen maser, building an active optical clock is steadily
gaining the ground [10–15]. The underlying principle of
an active optical clock lies in its robustness to infer the
clock frequency directly from the superradiant signal of
an ensemble of atoms placed inside a “bad-cavity”. In
principle, the active optical clock can achieve short-term
instabilities well below the cavities thermal noise limit
and at the same time it can relax the requirement for
the cryogenic ultra-stable cavity, thus reducing the sys-
tematic complexity. The short-term stabilities of these
clocks can be improved appreciably by suppressing pho-
ton shot-noises through continuous pumping and output
lasing signals. The previously proposed two-level active
optical clocks [13, 14] are compelled to produce signals
intermittently to overcome interference between the ap-
plied pumping pulse with the output clock lasing signal.
The stability and accuracy of a continuously signal pro-
ducing proposed in three-level clock [10] are critically ob-
structed by the light shift caused by the pumping laser.
To explore in this direction further, we had analyzed four
atomic levels accessible by optical lasers in an ensemble
of thermal Cs atoms for a possible continuously signal
producing active optical clock in Ref. [16]. However,
this is also subjected to large systematics due to light
shifts and collisional decoherence.
In this Letter, we expound feasibility of an active op-
tical clock using four suitable hyperfine levels of trapped
cold Cs atoms, instead of atomic energy levels of ther-
mal Cs atoms proposed in Ref. [16], in a red-detuned
one-dimensional (1D) optical lattice at a magic wave-
length (λm) of the |7S1/2;F = 4,MF = 0〉 → |6P3/2;F =
3,MF = 0〉 clock transition. The schematic layout of our
experimental set-up and the associated hyperfine levels
are shown in Figs. 1(a) and (b), respectively. The unique
advantages of adopting this technique with appropriate
choices of hyperfine levels are at least three folds over the
previous active optical clocks, such as it moderates inter-
ference between the pumping laser and the superradiant
lasing signal, and minimizes light shifts and collisional
decoherence to the hyperfine levels and provides suffi-
cient time to conduct the experiment meticulously due
to strong confinements of atoms in the optical lattice. A
sufficiently weak magnetic field, of about B = 10−7 T, is
applied to break the MF degeneracy of the clock transi-
tion and a π−polarized pumping laser is locked at 455 nm
for populating Cs atoms to the |7P3/2;F = 5,MF = 0〉
level from the |6S1/2;F = 4,MF = 0〉 level of the ground
state. Subsequently, these atoms decay to any of the
MF = −1, 0, or 1 sublevels of the F = 4 hyperfine level
of the 7S1/2 state through spontaneous emission. At the
same time, a mode of bad-cavity is adjusted to couple
with the clock transition, which is further locked to a
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FIG. 1. Schematic depictions of (a) experimental set-up, in which cold Cs atoms are held in an 1D optical lattice situated
inside a high finesse cavity near magic wavelength (λm) of |7S1/2;F = 4,MF = 0〉 → |6P3/2;F = 3,MF = 0〉 clock transition
of the proposed four-level active clock, (b) the relevant energy levels for clock, pumping and repumping transitions, and (c)
plot for αE1F (ω) values (in a.u.) of the clock levels against wavelength λ (in nm) to infer required λm. Resonance lines for the
7S1/2 state are marked on the top of plot.
super-cavity [16]. The objective of this step is to attain
self-gaining stimulated emission from the above transi-
tion in the bad-cavity mode and produce a superradi-
ant lasing. A polarization selector inside the cavity (not
shown in the figure) helps to establish a superradiant
lasing signal in the above transition through the allowed
(MF → MF ) ≡ (0 → 0), (1 → 1), and (−1 → −1)
decay channels. Then, atoms come down to either of
the F = 3 or F = 4 hyperfine levels of the ground
state. A 894 nm laser is applied at this stage to re-
pump the atoms from all other magnetic sub-levels to
the desired |6S1/2;F = 4,MF = 0〉 level of the ground
state by using a dual-laser [17]. The combined pump-
ing action, spontaneous emission, superradiant emission,
and spontaneous decay channels follow the path of the
6S1/2 → 7P3/2 → 7S1/2 → 6P3/2 → 6S1/2 transitions
successively to populate the |6S1/2;F = 4,MF = 0〉 level
in the end of a complete cycle to perpetuate a continu-
ous loop of clock operation. There is a probability that
a fraction of atoms can populate in the 5D3/2,5/2 states
through spontaneous emission from the 7P3/2 state, but
they will decay to the 6P1/2,3/2 states within 0.1 µs.
Thus, the superradiant lasing is not going to be af-
fected by such process. Since interferences between the
(re)pumping laser and the clock lasing signal do not oc-
cur in this procedure, a continuous signal of superradiant
lasing at 1470 nm can be achieved.
An essential feature of our proposed experimental tech-
nique is to trap Cs atoms at a λm of the clock transition
in an optical lattice. The most convenient choice is to use
a π-polarized laser for creating trapping potential, which
can cause the ac-Stark shift in a hyperfine |F,MF 〉 level of
atomic state as ∆EF (ω) = −
1
4α
E1
F (ω)E
2 with amplitude
of electric field E of trapping laser and dynamic electric
dipole (E1) polarizability of hyperfine level αE1F (ω) for
laser frequency ω. The αE1F (ω) values of the hyperfine
levels of the 7S1/2 and 6P3/2 clock states are determined
by calculating their atomic-state polarizability αE1J (ω)
values using the same method as in Refs. [18, 19]. For
this purpose, we have used the experimental energies and
E1 matrix elements either from the literature [20–22] or
by calculating them using a relativistic all-order method
[23]. Uncertainties to the αE1F values are determined from
the accuracies of the E1 matrix elements. The λm values
of a transition corresponds to its null differential αE1F (ω)
values. We plot the αE1F (ω) values of the hyperfine levels
of the 7S1/2 and 6P3/2 states in Fig. 1(c) for the optical
range of 950− 1300 nm to locate possible λm values. The
intersections of the polarizability curves mark the pres-
ence of a suitable λm at 1181 nm. The inferred α
E1
J (ω)
values of different states at λm = 1181 nm are quoted
in atomic units (a.u.) in Table I. At 1181 nm, αE1F is
73(10) a.u. for the 7S1/2, F = 4 upper clock state, and
αE1F =73(36) a.u. for the 6P3/2, F = 3 lower clock state,
as determined by its scalar and tensor αE1J values of -
381(32) a.u. and 629(13) a.u., respectively.
The 455 nm pumping laser can populate Cs atoms from
the ground state on the excited state, simultaneously,
the 894 nm repumping laser is used for Sisyphus cool-
ing. The temperature of the trapped cold Cs atoms is
determined by balancing the heating rate and the cool-
ing effect; kBTc = (Dp + D
′
p)/αcool, where Dp and D
′
p
are the momentum diffusion coefficients of the pumping
and repumping lasers, respectively, and αcool is the cool-
ing coefficient due to the 894 nm laser. It yields Dp =
1
2 h¯
2k2Γ455 = 1.9×10
−48kg2m2/s3 [24] with the Rabi fre-
quency ≫ Γ455, wherein k and Γ455 are the wave vector
and spontaneous decay rate, respectively, of the pump-
ing transition and h¯ is the Planck constant. We estimate
D′p = 9.1 × 10
−48kg2m2/s3 for a repumping laser inten-
sity of 2 mW/cm2 and detuning δ = 30 MHz using the
formulaD′p = (7/10)h¯
2k′
2
Γ894s0+(3/4)h¯
2k′
2
(δ2/Γ894)s0
[25, 26], where s0 =
Ω2/2
δ2+Γ2
894
/4
is saturation parameter,
wave vector k′, Rabi frequency Ω and spontaneous de-
cay rate Γ894 of the repumping transition. Similarly,
αcool = 29h¯
2k′2Γ894/(50kBT0) = 2.2 × 10
−20 kg/s is
obtained using the reported Sysphus cooling tempera-
3TABLE I. Properties of Cs atoms and optical trap at 1181 nm magic wavelength. Here, τ , αE1J and ρ represent natural lifetimes,
atomic dipole polarizabilities, and populations, respectively, of investigated states in Cs atom, while U0, Γsc and τL correspond
to trapping potential, scattering rate and lifetimes of atomic states due to the scattered photons, respectively, in the 1D optical
lattice for the operational laser intensity Iop = 20 kW/cm
2. Uncertainties to the αE1J values are quoted explicitly, which are
used for estimating the clock frequency shift.
State τ (µs) αE1J (a.u.) U0(kHz) ρ(%) Γsc(kHz/s) τL (s)
6S1/2 ∞ 846(11) −2957 27.1 2.6 1137
5D5/2 1.37 793(38) −2772 33.9 21.5 129
5D3/2 0.97 730(37) −2551 3.1 13.0 196
7P3/2 0.11 8045(4388) −28119 24.1 0.1 > 10
5
7S1/2 0.05 73(10) −255 5.5 0.3 850
6P3/2 0.03 -381(32) −255 2.7 6.8 38
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FIG. 2. Plot for αE1F (ω) values (in a.u.) of hyperfine levels
used for pumping and repumping transitions against wave-
length (in nm). Resonance lines of the 7P3/2 state are labeled
on the top of plot. The dashed line shows the position of the
λm value (i.e. 1181 nm) for the optical lattice.
ture T0 = 30 µK [27]. Accounting for the above pa-
rameters, it yields the cooling temperature of the system
Tc = 35 µK, which is low enough to ensure effective load-
ing of Cs atoms into the lattice.
The dipole potential of the 1D red-detuned optical lat-
tice is constructed following Ref. [28]. The maximum
trapping depth at the antinode position of the lattice is
determined by U0 = −α
E1
F (ω)E
2 with E =
√
2I/(cǫ0),
where c and ǫ0 are speed of light and vacuum permit-
tivity, respectively, and I is average intensity of laser.
The strength of the trapping potential is gauged by in-
vestigating the αE1F (ω) values for the corresponding hy-
perfine levels of the considered states at λm = 1181
nm. The αE1F (ω) values of the levels associated with the
pumping and repumping transitions are plotted for the
wavelength range from 1140 nm to 1280 nm in Fig. 2.
Using the αE1F (ω) values, calculated in the same proce-
dure as in Refs. [18, 19], it gives U0 for the 6S1/2 and
5D3/2,5/2 states, using a typical operational lattice in-
tensity Iop = 20 kW/cm
2, three times larger than the
thermal kinetic energy kBT of the trapped atoms at the
estimated temperature T ∼ 35 µK and Boltzmann con-
stant kB . Due to presence of a large number of resonant
lines, it was strenuous to predict definite signs of αE1F (ω)
of the 7P3/2 state around λm = 1181 nm. Also, the U0
values for the 7S1/2 and 6P3/2 states turn out to be quite
small. Nonetheless, atoms will decay from these states to
the 6S1/2 and 5D3/2,5/2 states within tens of nanoseconds
before they could escape from the lattice.
Since it is imperative to operate the optical lattice at
a very low sensitivity against variation in the trapping
laser wavelength to minimize fluctuation in the clock fre-
quency, we estimate the rate of change in the clock fre-
quency with respect to deviation in wavelength per unit
power of the trapping laser. This comes out to be of
the order of 0.7 Hz/(GHz·(kW/cm2)) around λm = 1181
nm from Fig. 1(c). By assuming a typical experimental
condition of maximum 100 kHz deviation in the trapping
laser frequency [29], the fractional clock frequency shift
is expected to be about 6.9× 10−18 for a typical value of
Iop = 20 kW/cm
2.
The steady-state atomic populations in the investi-
gated four levels of Cs atom during the clock frequency
measurement are obtained by considering atom-pumping
laser interactions in the Liouville or von Neumann equa-
tion, given by [30]
dρ
dt
=
1
ih¯
[HAP , ρ]−
1
2
{Γ, ρ} , (1)
where HAP = H
0
AP + H
I
AP is the total Hamilto-
nian comprising of the unperturbed Hamiltonian
describing the upper (|Fu,MFu〉) and the lower
(|Fl,MFl〉) levels of the pumping (or repumping)
transition as H0AP =
∑
i=u,l EFi |Fi,MFi〉〈Fi,MFi |
with the eigenvalues EFi in the absence of
laser field and interaction Hamiltonian HIAP =
− ih¯ [ΩFlFu |Fl,MFl〉〈Fu,MFu |+ΩFuFl |Fu,MFu〉〈Fl,MFl |]
with the Rabi frequencies ΩFlFu= ΩFuFl
=|〈Fl‖D‖Fu〉|E/h¯ for the field strength E . We have
used experimental values of energies and transition rates
[31, 32] to predict the atomic populations, which are
shown in Fig. 3 for all the hyperfine levels of the above
states and quoted explicitly in Table I by taking the
4pumping and repumping powers 500 mW/cm2 and 2
mW/cm2, respectively.
We also present the estimated lifetime τL and photon
scattering rate Γsc values in Table I. The lifetime of an
atomic state in the far-detuned optical lattice trap due
to photon scattering is estimated by τL = U0/Γsc, and
the photon scattering rate Γsc can be formulated as
Γsc =
1
6(2Jn + 1)
∑
k
|〈Jn||D||Jk〉|
2
(h¯ωL − δEnk)2
ΓkE
2, (2)
where Γk is spontaneous decay rate from upper state k
to lower state n, and ωL is lattice laser frequency. As can
be seen, the τL values are at least a few tens of seconds
for different states, among which the 6P3/2 state has the
shortest lifetime. This is still long enough for continuous
operation of the clock.
The output power of the superradiant laser in the
atom-cavity coupled system is determined by solving the
Born-Markov master equation [10, 11], given by
dρ
dt
=
1
ih¯
[HAC , ρ] + L [ρ] , (3)
for upper |Fu,MFu〉 and lower |Fl,MFl〉 levels of the clock
transition. Here, the total Hamiltonian of the system
is given by HAC = H
0
AC + H
I
AC with the unperturbed
Hamiltonian H0AC =
[
Na∑
j=1
h¯ωa
2 σˆ
z
j + h¯ωcaˆ
+
c aˆc
]
and the in-
teraction Hamiltonian HIAC =
h¯g
2
Na∑
j=1
(aˆ+c σˆ
−
j + aˆ
−
c σˆ
+
j ).
In these expressions, ωa is the angular frequency of the
clock transition, ωc is the angular frequency of the cavity
mode, σˆzj = |F
j
u ,M
j
Fu
〉〈F ju ,M
j
Fu
| − |F jl ,M
j
Fl
〉〈F jl ,M
j
Fl
|,
σˆ−j = (σˆ
+
j )
† = |F ju ,M
j
Fu
〉〈F jl ,M
j
Fl
|, atom-cavity coupling
constant g = µ
√
8piωa
h¯ε0Vc
= 4.09 × 106 Hz for the actual
E1 matrix element µ of the clock transition and cavity
mode volume Vc, and L [ρ] is the net Liouvillian con-
taining contributions from the cavity, spontaneous decay,
pumping laser and inhomogeneous lifetime of the upper
state. The output power of the bad-cavity is estimated as
P = h¯ωaκ |tr[ρcwac]|
2 for the steady-state solution ρcw
of the above equation and cavity dissipation rate κ. The
estimated steady-state output power of the superradiant
lasing is P = 24 µW for a typical Na = 10
7 number
of atoms achieved through population-inversion with the
pumping and repumping laser intensities of 500 mW/cm2
and 2 mW/cm2, respectively.
The quantum restricted linewidth ∆v, following the
modified Schawlow-Townes formula for bad-cavity, is
given by [12]
∆v =
h¯ωaκ
2
4πP
Nsp
(
1 +
[
2(ωc − ωa)
Γu + κ
]2)(
Γu
Γu + κ
)2
,
(4)
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FIG. 3. Steady-state atomic populations ρ (in %) in different
levels over a range of time scale t (in µs). Lattice, pumping,
and repumping lasers are pi-polarized, and the lattice laser is
adjusted to be resonating with a mode of cavity.
TABLE II. Scalar and tensor components of E1 polarizabil-
ities (in a.u.), and M1 polarizabilities (in a.u.) of the clock
levels. Estimated fractional shifts to the clock frequency from
various systematics using the above quantities are listed in the
bottom part.
Properties |7S1/2(F = 4)〉 |6P3/2(F = 3)〉
α
E1(0)
F (0) 6238(15) 1647(35)
α
E1(0)
F (455nm) 82(3) −54(24)
α
E1(0)
F (894nm) −267(11) −4129(111)
α
E1(2)
F (455nm) 0 −3(1)
α
E1(2)
F (894nm) 0 1679(25)
αM1F −1.4(1) × 10
4 −2.6(2) × 105
Fractional frequency shifts
BBR static at 300K 1.94(2)×10−13
455nm laser, I=500mW/cm2 −1.6(7) × 10−14
894nm laser, I=2mW/cm2 −1.8(1) × 10−15
2nd-Zeeman, B=10−7 T −7.1(3) × 10−19
where Nsp = ρu/(ρu − ρl) with ρu and ρl being atomic
population densities in upper and lower states, and Γu is
the spontaneous decay rate of the clock transition. We
have set the cavity dissipation rate as κ = 100 Γu. The
quantum-limit linewidth of the supperradiant lasing is
anticipated to be narrowed down to 4.2 mHz for the 5.5%
and 0.6% population densities in the upper and lower
levels of the clock transition, respectively.
Typical orders of magnitudes of the major systemat-
ics to the clock frequency due to black-body radiation
(BBR) shifts, light shifts caused by the pumping and
repumping lasers, and the second-order Zeeman shifts,
are determined by using the scalar (α
E1(0)
F ) and tensor
(α
E1(2)
F ) E1 polarizabilities and magnetic dipole (M1) po-
larizabilities (αM1F ) of the hyperfine levels that are listed
in Table II. Using the differential static scalar E1 polariz-
abilities, δα
E1(0)
F (0) between the |7S1/2;F = 4,MF = 0〉
and |6P3/2;F = 3,MF = 0〉 clock levels, the BBR shift
5at the room temperature (300 K) is determined by
δEE1BBR = −
1
2
(831.9 V/m)2
[
T (K)
300
]4
δα
E1(0)
F (0). (5)
The fractional BBR shift in the clock frequency is esti-
mated to be 1.94(2)×10−13. This uncertainty can be sup-
pressed by two more orders by measuring the differential
scalar E1 polarizability of the clock transition more pre-
cisely and conducting the experiment at a lower temper-
ature. The light shifts due to the pumping and repump-
ing lasers lead to the fractional clock frequency shifts
−1.6(7)× 10−14 and −1.8(1)× 10−15, respectively. Since
powers of these lasers can be controlled with an instabil-
ity below 10−4 [33, 34], it is possible to curtail the above
fractional uncertainties to the 10−18 level. The choice
of the MF = 0 → MF = 0 clock transition gives zero
first-order Zeeman shift. The second-order Zeeman shift
of a hyperfine level is estimated by ∆E2
nd
Zeem = −
1
2α
M1
F B
2.
The fractional shift in the clock frequency due to this ef-
fect is estimated from the difference of αM1F values, which
is determined as αM1F = −
2
3(2F+1)
∑
i
|〈F ||OM1||Fi〉|
2
EF−EFi
for
M1 operator OM1 and all possible Fi levels of the clock
states with energies EFi . Uncertainties to these quanti-
ties come mainly from the energies. The αM1F values of
the |7S1/2;F = 4,MF = 0〉 and |6P3/2;F = 3,MF = 0〉
levels are found to be −1.4 × 104 a.u. and −2.6 × 105
a.u., respectively. This gives a negligibly small fractional
second-order Zeeman shift to the clock frequency. Other
systematical effects are expected to be much lower than
10−15 level.
In summary, we have proposed a continual superra-
diant lasing scheme to construct an active lattice clock
based on optical lattices. A suitable magic wavelength
of the |7S1/2;F = 4,MF = 0〉 → |6P3/2;F = 3,MF = 0〉
clock transition of Cs atom has been narrowed down to
confine atoms strongly in the optical lattices with densely
populated ground and excited states. By simulating real-
istic experimental conditions, we predict to achieve frac-
tional uncertainty to the clock frequency about 10−15
level and linewidth of a few mHz. Its bad-cavity oper-
ational mode can provide a robust short-term stability
to this active clock. This in combination with another
high-accuracy passive optical clock can be used to cater
better short-term and long-term stabilities for practical
applications.
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